When polymeric liquids undergo large-amplitude oscillatory shear flow (LAOS), the shear stress responds as a Fourier series, the higher harmonics of which are caused by the fluid nonlinearity, and the first harmonic of which is a nonlinear function of both the frequency and the shear rate amplitude. The Oldroyd 8-constant framework for continuum constitutive theory contains a rich diversity of popular special cases for polymeric liquids. The shear stress response for the Oldroyd 8-constant framework has recently yielded to exact analytical solution. However, in its closed form, Bessel functions appear 24 times, each within summations to infinity. In this paper, to simplify the exact solution, we expand it in a Taylor series of the dimensionless shear rate amplitude. We truncate the power series expansion after the 16th power of the shear rate amplitude. We find our main result reduces to the well-known expression for the special cases of the corotational Jeffreys and corotational Maxwell fluids. Whereas these special cases yielded to the Goddard integral expansion (GIE), the more general Oldroyd 8-constant framework does not. We use Ewoldt grids to show our main result to be highly accurate, for the corotational Jeffreys and corotational Maxwell fluids. Our solutions agree closely with the exact solutions so long as Wi De < 7 2 , for the special cases of the corotational Jeffreys and corotational Maxwell fluids. We apply our main result for the special case of the Johnson-Segalman fluid, to describe the measured frequency sweep and shear rate amplitude sweep responses of molten atactic polystyrene. For this, we use the Spriggs relations to generalize our main result to multimode, which then agrees closely with the measured responses.
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I INTRODUCTION
Chemical engineers use large-amplitude oscillatory shear (LAOS) flow experiments to investigate the physics of complex liquids (see [1] ; Ch. 11 of [2] ; see Eq. (2.42) of [3] ). Since its conception in 1935 (see [4, 5] and, mindful of the erratum following Ref. 4 of [6] , see also Ref. 7) oscillatory shear flow has become by far the most popular laboratory method for exploring the physics of polymeric liquids.
We generate oscillatory shear flow by confining the fluid to a simple shear apparatus and then by displacing one solid-liquid boundary sinusoidally in its own plane (see FIG. 1. of [6] ). The corresponding cosinusoidal shear rate is given by:
Using the characteristic relaxation time of the viscoelastic fluid, λ 1 , to deepen our understanding of the flow, we normally nondimensionalize Eq. (1) to:
where the dimensionless Deborah and Weissenberg numbers are given by:
the former of which reflects elasticity in both the fluid and the flow, and the latter, reflects nonlinearity. In this paper, we define dimensional symbols in Table I , and dimensionless ones in Table II .
When higher harmonics arrive in the shear stress response (see Eq. (21) of [8] ):
we call the oscillatory experiment large-amplitude. Many important notations, alternative to Eq. (5), have been introduced for analyzing the higher harmonics in the shear stress (see Eq. (3) of [9] ); §9 and §10 of [10] ). For polymeric liquids, these higher harmonics are commonly observed when [11, 12, 13] : Wi > 1 (6) which is sometimes further complicated to (see Eq. (11) and Figure 14 of [14] ):
but, for this paper, Eq. (6) shall serve as our working definition of large-amplitude. In this paper, we arrive at the approximate analytical solution in power of shear rate amplitude for shear stress for large-amplitude oscillatory shear flow for an entire framework of constitutive equations by using Taylor series expansion into the exact analytical solution. Specifically, we choose the Oldroyd 8-constant framework. We choose this framework for its rich diversity of important and popular special cases (TABLE IV of [6] lists 14 of these). The Oldroyd 8-constant framework is not to be confused with an 8-constant model. In fact, we know of no chemical engineering application of the Oldroyd 8-constant framework employing all of its 8 constants. Instead, the 8-constant framework reflects Oldroyd's remarkable vision [25] for the many popular special cases that would follow.
II OLDROYD 8-CONSTANT FRAMEWORK
Chemical engineers can use the Oldroyd 8-constant framework in polymer processing, as for wire coating (mindful of the errata following Ref. 32 of [6] , see Case III in [15] ), and for corrugated wire coated through a corrugated die (see Section 3. of [16] ; Section 2. of [17] ), and for plastic pipe extrusion for elliptical pipe ( [18, 19] ), and also for extrusion from an eccentric annular pipe die (Case II in [15] ; [20] ; [21, 22] ; [23] ).
The Oldroyd 8-constant framework is given by (see Eq. (8.1-2) in [24] ; [25] ):
in which the higher order nonlinear terms are underlined, and: (10), (11) Eq. (8) reduces exactly to a rich diversity of special cases, 14 of which are tabulated in TABLE IV of [6] , and reduces approximately to suspensions of rigid or finitely extensible nonlinear elastic dumbbells, in Table 1 of [26] . The exact solution for the dimensionless shear stress response is (see Eq. (65) of [6] ):
De sin α sinτ
where:
and:
Substituting Eqs. (14) through (16) into Eq. (12) gives:
De sin
Wi De
De cos
where I 1 through I 6 are defined by (Eqs. (66) 
For steady shear flow, the viscometric functions for the Oldroyd 8-constant framework are given by (see Eqs. (12)- (14) of [25] ; Eq. (14) of [27] 
Taking limit ! γ → ∞ into Eq. (24) yields: 
Since we require the characteristic time to be real, Eq. (15) requires that:
Further, from Eq. (27) , the shear stress for steady shear flow is given by:
where Eq. (14) defines ! λ . For small amplitude oscillatory shear flow (SAOS), in the limit as Wi → 0 , holding the frequency constant, the shear stress response is given by (Eq. (40) of [6] ; Eq. (8.1-10) of [24] ):
We will use Eqs. (29) and (30) as consistency checks on our main results in Section IV and also to plot Figure 5 through Figure 8 . 
III ANALYSIS
where m is the power of each term in the series, and where κ m C n and σ m S n are given up to Wi 16 in Table III and Table IV (31) is new. We will compare our main result for the special cases of corotational Jeffreys and corotational Maxwell fluids with the exact solution ( Figure 1 through Figure 4) . From Eq. (31) [with Eqs. (32) and (33), Table III and Table IV (up to Wi 16 )], for nonlinear viscosities, the loss and storage viscosities for first harmonic are:
where κ m and ϕ m are the coefficients of C 1 and S 1 of the mth rows in Table III and  Table IV . We will use Eqs. (34) and (35) in the worked example below. From these figures, we learn that increasing η ∞ narrows the shear stress versus shear rate loops and thus diminishes their areas. In other words, increasing η ∞ decreases fluid elasticity and increases viscous dissipation.
IV CONSISTENCY CHECKS
In this section, we will check our main result for consistency with well-known previous series for special cases, and with two well-known results for the Oldroyd 8-constant framework. a Previous series for two special cases
For consistency, we first compare our new series, up to Wi 6 , to the well-known solutions for the corotational Jeffreys and corotational Maxwell fluids (Eqs. (82) and (83) of [6] ). Specifically, for the corotational Jeffreys fluid (up to Wi 6 ), truncating Eq. (31) [with Eqs. (32) and (33), Table III and Table IV , σ 2 = λ 1 λ 2 and
we get:
which, for N = 3 , matches Eq. (83) Table IV , σ 2 = λ 2 = 0 and σ 1 = λ 1 2 ] after N terms, we get:
which, for N = 3 , matches Eq. (82) of [6] , as it must. The expressions for κ m C n and ϕ m S n in Eqs. (36) and (37) are given in Tables I and II of Supplementary Material II of [28] .
We also compare our main result with our previous power series, up to Wi 16 , for the corotational Jeffreys and corotational Maxwell fluids (Eqs. (20) and (39) We will use Eq. (37) with N = 8 to plot Figure 8 below. b Steady shear flow In the low frequency limit (vanishingly small De ), the main result, Eq. (31) [with Table III and Table IV ] reduces to:
which matches the result for steady shear flow, Eq. (27), as it should. Thus, the shear stress for steady shear flow is given by:
which, for the special case of the corotational Jeffreys fluid, σ = λ 2 λ 1 and σ 1 = λ 1 2 , Eq. (39), reduces to:
which we will use to plot the cells in the leftmost column of Figure 5 through Figure 8 below. c SAOS In the limit of small strain rate amplitude, holding the frequency constant, Eq. (31) reduces to the single harmonic:
which matches Eq. (30), as it should. We will use this to plot the cells in the bottom row of Figure 5 through Figure 8 below. From Eq. (41), the expression for the real part and minus the imaginary part of the complex viscosities are:
where De is defined in Eq. (3).
V CONVERGENCE From our previous work on the corotational Maxwell fluid [28] , we learn that the special case of our main result, Eq. (31) [with Eqs. (32) and (33), Table III, Table IV ,
, for oscillatory shear, has a radius of convergence that appears to be infinite. We also learn that, for steady shear flow, the same special case of our main result has a radius of convergence of just 1. Our main result, Eq. (31), agrees exactly with the exact solution up to a certain range of Wi . We call such agreement convergence. For both the result from steady shear flow, Eq. (39), and from LAOS, Eq. (31), we assess this range of Wi in our power series solutions by employing the ratio test (see Subsection 3.34 of [29] ):
where m is defined after Eq. (33).
We begin with steady shear flow, by applying Eq. (44) to Eq. (39) . We find that S T passes the ratio test when: 0 < Wi < 1 (45) in which, for steady shear flow, Wi = λ ! γ . Hence, the radius of convergence for the Oldroyd 8-constant framework in steady shear flow is Wi = 1. By radius of convergence, we mean the largest possible Wi that satisfies the ratio test, Eq. (44).
By contrast, for the shear stress response in oscillatory shear, be its amplitude large or small, we first rearrange Eq. (31) to get:
where (with Table III and Table IV) : 
and substituting Eq. (47) into Eq. (48) gives:
and, for series truncated after N terms:
which is subject to Eq. (28), and which is the sufficient condition for infinite radius of convergence for our power series in Wi , truncated after N terms, for the Oldroyd 8-constant fluid in LAOS.
VI EWOLDT GRIDS
We next explore the accuracy of our main result for the special cases of corotational Jeffreys ( λ 2 λ 1 > 0 ) and corotational Maxwell fluids ( λ 2 λ 1 = 0 ). Figure 5 through Figure 8 illustrate each of these λ 2 λ 1 conditions using an Ewoldt grid of shear stress versus shear rate loops (following [30, 31, 32] (29) and (33) of [37] ):
where i = 1 and j = 1 is the lowest leftmost cell. S max is the peak shear stress given by the exact solution, Eq. (17) [with Eqs. (18) through (23) where Table III and Table IV 
VII APPLICATION
We consider the commercial grade of molten atactic polystyrene made by Dow Chemical Canada Ltd., Styron 683, studied extensively by Tee and Dealy [31, 32] . Tee and Dealy report one frequency sweep, comprising ten SAOS measurements over the ranges 0.38 < ω < 24 rad s and 0.076 < ! 
where (see Eqs. (4.4-4) and (4.4-5) of [24] ):
For this application, for the LAOS measurements, we will thus compare τ 0 ω , ! γ Here we apply our results, Eqs. (34) and (35) [with Table III and Table IV] , for the special case of the Johnson-Segalman fluid for which (see Table IV of [6] ): (55), (56), (57) Substituting Eqs. (54) through (57) into Eqs. (15) and (16), we get:
For the Johnson-Segalman fluid, we then get the SAOS measurements (Eq. (65) of [14] ):
where (Eqs. (84) and (85) of [14] ):
is the Riemann zeta function.
We first generalize our results, Eqs. (64) so that (Eqs. (79) through (81) of [14] ):
We get the generalized results for the special case of the Johnson-Segalman fluid are:
where λ 11 = λ 1 and λ 22 = λ 2 are the longest relaxation and retardation times, and then from τ = k τ k ∑ and Eq. (5), we see that:
We then use the well-known fitted values for this molten atactic polystyrene reported in Subsection VI.B of [14] : Fig. 9 . of [31] (or of FIGURE 7-12 of [32] ). We can compare this worked example with the one of Subsection VI.B of [14] which relies on the exact solution, Eqs. (17) through (23) . As a practical matter, we find our main result to be within a line-width of the exact solution so long as Wi De ≤ 13 .
VIII CONCLUSION
We arrive at a power series in the shear rate amplitude for the shear stress responses of the Oldroyd 8-constant framework, Eq. (31) [with Eqs. (32) and (33), Table III and   Table IV (up to Wi 16 )]. Here, we truncate the power series expansion after the 16th power of the shear rate amplitude. This series includes shear stress harmonics up to the 17th. We arrive at an expression for the region of usefulness so long as Wi De < closely with the measured behaviors of molten atactic polystyrene. We find our main result to be much easier to use that the exact solution from whence it came.
Following this same method, starting with [38] , we can arrive at power series for the normal stress difference responses for the Oldroyd 8-constant framework in LAOS. We leave this for another day. 
IX
Legend: Table III and  Table IV, Table III and  Table IV, Table III and  Table IV, Table III and  Table IV, Table III  and Table IV , red] versus exact solutions [Eq. (17) with Eqs. (18) and (23) Table III  and Table IV , red] versus exact solutions [Eq. (17) with Eqs. (18) and (23) Table III  and Table IV , red] versus exact solutions [Eq. (17) with Eqs. (18) and (23) Table III  and Table IV , red] versus exact solutions [Eq. (17) with Eqs. (18) and (23) Measurements are in Table VI of [14] .
